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Abstract 

Recently, the first Abel map for a stable curve of genus g > 2 has been 
constructed. Fix an integer d > 1 and let C be a stable curve of compact 
type of genus g > 2. We construct two d-th Abel maps for C, having 
different targets, and we compare the fibers of the two maps. As an 
application, we get a characterization of hyperelliptic stable curves of 
compact type with two components via the 2-nd Abel map. 
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1 Introduction 

1.1 Abel maps of singular curves 

The subject of this paper is the completion of Abel maps for singular curves. If C 
is a smooth projective curve, the e?-th Abel map is the geometrically meaningful 
morphism: 

C d — ► Pic d C 
(px, . . . ,p d ) h-> O c ( ^2 p ^ 

l<i<d 

where C d is the product of d copies of C and Pic d C is the degree-d Picard 
variety of C. It makes sense, the problem of defining an analogous map when C 
is singular, preserving a geometrical meaning. This problem has been considered 
by several authors in the last three decades. It has been completely solved for 
integral curves in pQ and in degree one in [5] and [B], but a general analysis 
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is still missing. The purpose of this paper is to consider the special case of 
Abel maps for curves of compact type, i.e. nodal curves with only separating 
nodes. This assumption allows us to avoid several combinatorial problems that 
naturally arise when one considers the general case. 

The Abel map of a smooth curve has the remarkable property that its fibers 
are projectivized complete linear series (up to the action of the d-th symmetric 
group). It turns out that an important motivation for studying Abel maps is 
the attempt of giving a new definition of limit linear series on a nodal curve. 
In the case of curves of compact type, it would be interesting to establish the 
relationship with the definition of limit linear series introduced in [5] or [9] . 

1.2 The main result 

Fix a nodal curve C over an algebraically closed field. Let 7 be the number 
of irreducible components of C. Let / : C — > B be a smoothing of C, i.e. a 
family of curves such that C is smooth and B is smooth, one-dimensional, with 
a distinguished point £ B such that / _1 (0) = C and is smooth if b ^ 0. 

Fix an integer d > 1 and let J d be the degree-d relative generalized Jacobian 
of the family. Recall that in general J d can be constructed just as an algebraic 
space. Let C d be the product of d copies of C over B and consider the relative 
rational map: 

<4 

C d --■» Jf 
(pi,...,Pd) C/-i(/(pi))( 2 Pi) 

l<i<d 

which is the relative e?-th Abel map away from the fiber over the distinguished 
point £ B. If C is of compact type, we will construct a morphism: 

tf: C d — > (1) 

extending co. Let be the degree-d generalized Jacobian of C. The fact 

that a d can be constructed with J d as target, implies the existence of a unique 

7-tuple e d £ Z 7 such that that a d \cd factors through J^f C Jq, where J^f 
is the locus parametrizing line bundles on C whose degrees on the irreducible 
components are prescribed by e d . The main result of this paper is to show that 
we can construct a canonical extension as in ([1]) such that the associated 7-tuple 
e d has geometrically meaningful properties. 

More precisely, for every 7-tuple a — (a%, . . . , a 7 ) £ Q 7 such that dj > 0, 
for i = 1, . . . , 7, and a% + • • • + a 7 = 1, the definition of a- semi- stable and a- 
stable torsion-free, rank-1 sheaves on C is introduced in 12J. These are sheaves 
satisfying certain numerical conditions involving the numbers eti, . . . ,a 7 . An 
intermediate notion of stability is introduced in [7] by means of AT-quasistability, 
for every irreducible component X of C. There it is constructed a proper scheme 
J<j X parametrizing X-quasistable rank-1 torsion- free sheaves of C of degree d. 
If L is a A-quasistable line bundle of C and if d L is the 7-tuple whose entries 
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are the degrees of L on the irreducible components of C, we say that d L is a 
X-quasistable multidegree. 

We sum up our main result in Theorem ll.il relating extensions of Abel maps 
for smoothing of curves of compact type and X-quasistable multidegrees. 

Theorem 1.1. Fix integers g > 2 and d>l. Let f:C^B be a smoothing of 
a stable curve C of compact type of genus g. Then there exist a distinguished 
component X pr of C, a X pr -quasistable multidegree e d and a morphism: 

~c7 f : C d — » jf 

as in (QP such that the following properties hold: 

(i) a d j\ C d does not depend on the choice of f , and factors through the immer- 
sion J^f <^-> Jp. 

(ii) if S d (C) is the d-th symmetric product of C , then aj\c<i factors via a 
morphism [3q : S d (C) — > J^f which does not depend on the choice of f . 

We point out that the determination of the component X pr and the X pr - 
quasistable multidegree e d is effective, as it is rather clear from the proof of 
Lemma |2~2| and from the iterative procedure yielding Definition 13.21 

The property (i) of Theorem 11.11 allows us to consider another d-th Abel 
map for C whose target is the compactification of the universal Picard variety 
constructed in [3J. In Proposition 13.81 we will see that the set-theoretic fibers 
of the two Abel maps are equal. Recall that the same phenomenon takes place 
for the first Abel maps of a stable curve (see [5] and [B]). However, in Remark 
13.91 we will produce an example, hinting that it should not hold for higher Abel 
maps of curves not of compact type. 

As an application of Theorem ll.il (ii), we give the following characterization 
of hyperelliptic curves of compact type with two components. 

Proposition 1.2. Fix an integer g > 2, and let C be a stable curve of compact 
type of genus g with two components. Then C is hyperelliptic if and only if 
there exists a fiber of the morphism 0q consisting of two smooth rational curves 
intersecting at one point. 

We plan to investigate whether a similar characterization could be given for 
hyperelliptic curves with many components or for trigonal curves. 

1.3 Notation and Terminology 

A curve is a connected, projective and reduced scheme of dimension 1 over an 
algebraically closed field k. If C is a curve, then g c := 1 — x(@c) is the genus 
of C and loq is its dualizing sheaf. We will always consider curves with nodal 
singularities. 

A subcurve of C is a union of irreducible components of C. If Y is a proper 
subcurve of C, we let Y' := C — Y and call it the complementary subcurve of 
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Y. We denote k Y ■= #(V tlY'). A subcurve F of C is said to be a tail of C if 
fcy = 1 . In this case, the intersection Y P\Y' consists of a single node n and we 
say that n is a separating node of C. We remark that a separating node defines 
two tails Y and Y' on C such that Y C[Y' = {n}. 

A stable curve C is a nodal curve such that every smooth rational subcurve 
of C meets the rest of the curve in at least 3 points. A curve C is said to 
be of compact type if its only singularities are separating nodes. A curve W 
is obtained by blowing up a curve C at a subset E of its nodes, if there is a 
morphism n: W — » C such that, for every p € E, we have 7r _1 (p) ~ P 1 and 
ir: W — UpgsTr -1 (p) — > C — E is an isomorphism. 

A family of curves is a proper and flat morphism / : C — > B whose fibers are 
curves. If b € B, we denote C& := A smoothing of a curve C is a family 

/: C — » B, where C is smooth and B is a smooth curve with a distinguished 
point OeB such that is smooth for & 7^ and Co = C. 

If / : C — > S is a family of curves C, we denote by C d the product of d copies 
of C over B and by 5 d (C) the d-th symmetric product of C over B, i.e. the 
quotient of C d by the action of the cZ-th symmetric group. 

The degree of a line bundle L on a curve C is deg(L) := x(X) — x(@c)- 



2 Technical background 

2.1 Jacobians of singular curves 

If not otherwise specified, in this section C will be a nodal curve with irreducible 
components Xi,. .. ,X~. Let Jq be the degree-d generalized Jacobian of C, 
parametrizing line bundles of degree d on C. Since C is a proper scheme, Jq is 
a scheme (see Theorem 8.2.3]). We have the following decomposition of J c : 

J$= U J c , (2) 

d—{d\ , . ..,d-y) 
di + . . .+d^=d 

where is a connected component of J c parametrizing line bundles L such 
that deg{L\xi) = di for i = 1, . .. ,7. If C is of compact type, then for each 
d = (g?i, . . . , d 7 ), we have an isomorphism: 

3~c y Jx\ x • • • x Jx n (<i\ 
L ~ (L| Xl ,...,LU T ) • lJ 

Let d= (di,...,dy) € Z d . If L E J c , we say that L has multidegree d and 
that g?i + . . . + d-y is the total degree of L. For each subcurve Y of C, set: 

rfy := 2J dl - 

XiCY 

Fix an integer d. A polarization on C is a vector bundle E on C of rank 
r > and relative degree r(gc — 1 — d). We will denote by Ed the (canonical) 
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polarization on C: 




d = gc-l 



Let L be a line bundle on C with multidegree d. We say that L, or d, is 
(canonically) semistable if for every non-empty, proper subcurve Y C C we 
have: 

/ r , \ ~degE d \ Y 

Moreover, if X is any component of C, we say that L, or d, is (canonically) 
X-quasistable if it is semistable and: 

x (L y) > , 

rank(£ d ) 

whenever Y D X. It is not difficult to prove that a degree-d line bundle L on 
C is semistable with respect to Ed if and only if for every non-empty, proper 
subcurve Y C C: 



degi|y - -degw c |y 

2g — 2 



<£. (5) 



Moreover, L is X-quasistable with respect to Ed if and only if ([5]) is satisfied 
and: 

, _. d , ky 

g ^"27^2 y> — 2~' 

whenever Y D X (see [TUl Lemma 3.1]). If the condition ([5]) (respectively (J6])) 
is satisfied for a degree-d line bundle L on C of multidegree d and a subcurve 
Y of C (respectively a subcurve Y of C such that X C Y), we say that L, or 
d, is semistable (respectively X-quasistable) at Y. It is easy to see that d is 
semistable at Y if and only if it is semistable at Y' , We define subschemes of 
4 by: 

J c ' = U and J c = U Jq. 

d is scmistablc d is X-quasistable 

di + . . ,+d^ — d di + .-.+dry—d 

Now, let /: C — > _B be a family of nodal curves C. We denote by Jj the 
relative degree-d generalized Jacobian of the family /. In general, J'j can be 
constructed just as an algebraic space. Nevertheless, there exists an etale base 
change B' — > B such that, if we consider the pull-back family: 

y :=Cx B B' -^B', 
then jj , is a £?'-scheme and there exists a universal line bundle over Ji , x b' y. 
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2.2 The first Abel map 

In [5] and [B] , the authors constructed the first Abel map for a smoothing of a 
stable curve. More precisely, fix a smoothing /: C — ► B of a stable curve C. 
For our purposes, we may assume that C is of compact type. Let Jj be the 
degree- 1 relative generalized Jacobian of /. Then there exists a morphism: 

a) : C — ► Jj. (7) 

extending the relative first Abel map of the family of smooth curves /|/-i(B-oV 
We will recall the definition of a}|c in ©■ 

For every g > 2, let M g be the moduli space of Deligne-Mumford stable 
curves of genus g. If C is a stable curve, [C] will denote the point of M g 
parametrizing C. If g is even, let A ff / 2 be the divisor of M g which is the closure 
of the locus parametrizing curves C = X\ U X 2 such that gx t — gx 2 — ff/2 and 

#(A'i r x 2 ) = \. 

Definition 2.1. An irreducible component X of C is central (respectively semi- 
central) if gz < gc/2 (respectively gz < 3c/2) for every connected component 
ZoiX'. 

Lemma 2.2. Fix an integer g > 2. Let C be a stable curve of compact type 
of genus g. Let Mc (respectively Nc) be the number of central (respectively 
semicentral) components of C . Then the following properties hold: 

(i) M c = 1 if and only if [C] £ A fl / 2 - 

(ii) M c = if and only if [C] G \/2- 

(Hi) if Mc — 0, then Nc = 2 and the intersection of the two semicentral 
components is non-empty. 

Proof. First of all, notice that [C] G A g / 2 if and only if there exists a node 
which is the intersection of two tails of C of genus g/2. 

First step. We claim that Mc < 1. Indeed, suppose that X\ and X 2 are 
central components. Let Z\ and Z2 be the connected components of X[ and 
X 2 containing respectively X 2 and X\. Then gz t < g/2 for i = 1,2, because 
X\ and X2 are central. Set Y\ := Z\ PI ^2 and F 2 := X( — Zi. Since C is of 
compact type, we have Z% = Y\ U U Xj . In particular, if p is a point of C 
with p £ Z%, then p 6 Xi U F 2 C Z 2 . Hence C = Z\ U Z 2 . Since the genus of 
a curve of compact type is the sum of the genus of its irreducible components, 
we have g < gz x + gz 2 < 9 yielding a contradiction. 

Second step. For any irreducible component X of C, we define an irreducible 
component Y(X) of C and a connected component Z(X) of X' as follows. If X 
is central, set Y(X) := X and we let Z(X) be any connected component of X'. 
If X is not central, we claim that there exists exactly one connected component 
Z(X) of X' such that gz(x) > fl/2. Indeed, this is clear if > 0. If = 0, 
then X' has at least 3 connected components of genus at least 1, because C 
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is stable, hence there exists a unique connected component Z(X) of X' with 
9z(x) > 3/2- Denote by Y(X) the irreducible component of Z(X) intersecting 
X. Notice that Y{X) = X if and only if X is central. 

Third step. We claim that if X and Y(X) are not central, and if [C] ^ A g / 2 , 
then: 

Z(Y(X))CZ(X)-Y(X). (8) 

Indeed, assume that X is not central. Now, Z(X)' is a connected component 
oiY(X)'. Since >g/2and[C] ^ A s / 2 , we have gz(xy < Recall that, 

since F(X) is not central, Z(Y(X)) is the connected component of Y(X)' such 
that g Z (Y(x)) > 5/2. Then Z(F(X)) + Z{X)', and Z(Y(X)) C Z(X) - Y(X). 

Fourth step. We show (i) and (ii). First of all, we prove that if [C] ^ A g / 2 , 
then Mc > 1. Let Xi be any irreducible component of C . Set X 2 = Y{X\) and 
by induction X, = Y(Xi-i) for every i > 2. If X r is central, for some positive 
integer r, then we are done. Otherwise, X r ^ X r+ i for every r > 1 and by ([8|), 
we get an infinite chain of subcurves: 

• • ■ C Z(X r ) C ■ • • C Z(X 2 ) C Z(Xi) 

yielding a contradiction. Then Mc > 1 and hence Mc = 1 by the first step. 

Conversely, we prove that if Mp = 1, then [C] A g / 2 . Let X be the central 
component. Then every node of C is the intersection of two tails W\ and W<x 
such that Wi C X' and X C W 2 . Thus < 5/2, and [C] g A g/2 . 

Of course, the first step and (i) imply (ii). 

Fifth step. We show (hi). Let M c = 0, i.e. [C] £ A 9 / 2 . First of all, we 
show that Nc > 2. Since [C] G A g / 2 , there exist tails Zi and Z 2 of genus g/2 
intersecting in a node. Assume that Xi and X 2 are the irreducible components 
such that Xi C Zi, X 2 C Z 2 , X\ n X 2 ^ 0. Then Xi and X 2 are semicentral 
components intersecting in a node. 

We show that Nc < 2. Indeed, suppose that Xi, X 2 , X3 are semicentral 
components. Notice that X%, X 2 , X3 are not central, because Mc = 0. Then 
there exist at least 4 distinct tails Z\, . . . , Z4 of genus g/2. Since C is of compact 
type, up to change the index of the tails, we may assume that Z\ C Z3 and 
Z4 C Z 2 . Thus (Zi U Z4)' 7^ 0, because the tails Zi, . . . , Z4 are distinct. Hence 
,9(Ziuz 4 )' = 9 — —QZi = and kiz-iUZt)' = 2. This is a contradiction because, 
since C is stable, fcy > 3 for every non-empty subcurve FCC with gy — 0. □ 

Definition 2.3. Fix an integer g > 2. Let C be a stable curve of compact type 
of genus g. If [C] ^ A s , let X pr be the central component of C. If [C] € A| , let 
X pr be one of the two semicentral components of C. We will keep this choice 
throughout the paper. We call X pr the principal component of C. A tail Z of 
C is small if at least one of the following conditions is satisfied: 

(1) gz < gc/2 

(2) gz = 9c/2 and Z< D X? r . 
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Fix an integer g > 2. Let C be a stable curve of compact type of genus g. We 
recall now some properties of the first Abel map ([7]) . We define for each q € C a 
line bundle M q on C as follows. If q is a smooth point of C, then Af q ■= Oc{q). 
If q is a node of C, let Z be the small tail attached to q. Using the isomorphism 
there exists a unique line bundle Af q on C such that A/" g |z = Oz(<?) and 
Nq\z' = Cz'- Then a}|c sends each o g C to: 

[A/-,®0 C ( £ £)|c)]eJ£ (9) 

Z small tail 

qez 

The morphism OLj\c does not depend on the choice of /, and factors through 
the immersion Jq SS *^-> Jp. 

Proposition 2.4. Fix an integer g > 2. Let C be a stable curve of compact type 
of genus g. Let X pr be the principal component of C. Let e-^ be the multidegree 
such that (ei)xp r = 1 and (e\)x = for every irreducible component X C C 
such that X 7^ X pr . Then the following properties hold: 

(i) J(j = J(j > 

(ii) Qfjlc factors through the immersion J^ 1 <—* J^j ss . 

Proof. We claim that if d is a X pr -quasistable multidegree of total degree 1, 
then d = e 1 . We show this claim in 3 steps. 

First step. We show that if Z is a tail of C, then dz = 1 if Z contains X pr , 
and dz = otherwise. It suffices to show that dy = for each tail Y of C such 
that that X pr %Y . \IY is such a tail, then there exists a connected component 
W of (X pr )' such that Y CW and hence < gw < 5/2. Being fcy = 1, from 
|5]| and © with d = 1, we have: 

_1 deg^cbO 1 

2~ r 2 3 -2 2 

Since gy < g/2, we get: 

< deg(o; c |r) = 2g y - 1 < 1 
~ 2^-2 2g - 2 ~ 2 ' 

So — 1/2 < dy < 1, and hence dy = 0. 

Second step. We show that <ixi> r = 1< Let Zi,...,Z„ be the connected 
components of (X pr )'. Then gz f < g/2 for every i = l,...,n and by the 
first step we have dzi = for every i — 1 . . . , n. Now, Z[ is a tail of C 
containing X pr . Hence, again by the first step, d^; = 1- Moreover, since 



X pr = Z{ - {Z 2 U . . . U Z n ), we get 

xpr = dz[ — ^ dzi 

2<i<n 
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Third step. We show that if d is a X pr -quasistable multidcgrcc of total 
degree 1, then d = e 1 . By the second step, we are done if we show that dx = 
for every irreducible component X of C such that X ^ X pr . Indeed, let X 
be any such component. Set Co := C. For every j > 1, define inductively 
Cj := Cj—i — Yj, where Yj is the union of the irreducible components of Cj-i 
which are tails of Cj-x distinct from X pr . Notice that Cj is a curve of compact 
type, then if Cj X pr , then there exist at least two irreducible component of 
Cj which are tails of Cj. In this way, if Cj X pr , then Yj 7^ and Cj+i C Cj. 
Since C has a finite number of components, there exists an integer r > such 
that X is a tail of C r . Then there are irreducible components X%, . . . X n of C 
contained in Y\ U Y2 U • • • U Y r such that X U X\ U • • • U X n is a tail of C not 
containing X pr and X\ U X2 U • • • U X„ is a union of tails of C not containing 
X pr . By the first step, &xuXiU-ux n = d X - L ux 2 -ux„ = 0, and hence: 

dx = e?xuXiu---ux„ — dx 1 ux 2 ---ux n = 0. 
In this way, we have shown the initial claim. 

By [6J Theorem 5.5], for every irreducible component Y C C not contained in 
any small tail, we have that ol^\c factors through the immersion J^' Y Jq SS ■ 
By definition, X pr is not contained in any small tail of C, hence a^lc factors 
through the immersion Jq X c — > Jq SS ■ This implies that Jq X 7^ 0. By the 
initial claim we have jl^ X — jf} and we are done. □ 



3 Abel maps for curves of compact type 

3.1 The construction of the d-th Abel map 

In this section we will construct the Abel map for a smoothing of a stable curve 
of compact type. 

Definition 3.1. Let C be a stable curve of compact type with 7 components. 
Fix a multidegree d = (dx, ■ ■ ■ , d~) of total degree d. We say that a tail Z of C 
is a d-big tail if: 

d z ■ deg(wc) - d ■ deg(uj c \z) < 2g z ~ gc- 

Notice that if d = (0, 0, . . . , 0), then the notion of d-big tail coincides with the 
notion of big tail in [5]. For each irreducible component X of C and for each 
multidegree d, define: 

%i(X) := {Z C C : Z is a d-big tail of C and Z ^ X}. 

Let / : C — > B be a smoothing of a stable curve C of compact type. For each 
d > 1, let Bd — > B be an etale morphism such that, if we consider the pull-back 
family: 

y d :=Cx Bd B ^B d , 
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then Jl and Ji are schemes and there exists a universal line bundle £1 (re- 

Jd Id 1 v 

spectively C d ) on Jj d x B d y<i (respectively jj d x Bd y d ). We have a natural etale 
morphism Jj? d — + jj. For each multidegree d of total degree d, consider the line 
bundle on Jj d x Bd y d : 

T A :=plO e { Z), (10) 

where p\ : Jj d x Bd yd — > yd — > C is the composition of the second projection 
and the base change morphism, and X pr is the principal component of C. Let: 

P2 : Jf d x Bd jj d x Bd y d ^ jf d x Bd y d 
p 3 ■ Jf d x Bd Jj d x Bd y d — > j} d x Bd y d 

be the projections and consider the composition: 

(A . jd v t1 . 7 <i+l rd+l 

Jd Jd a d J d j d J 

where the first morphism is induced by p^i^d) ®P^{C-i) ®P^{Td)- Set: 

U:=jf d X Bd Jj d ^dV:=jfx B jj. 

Let qi : U Xy U — > U and qi : U Xy U — » U be the two projections. Notice that 
T d is the pull-back of a line bundle on C. Then 6*y d o qi = 0j d o q2. Since U is 
etale over V, by the flat descent there exists a morphism: 

V = jfx B jj ^ J^ +1 
such that 0y d factors via Oj. Define a"j as the composition: 

J f x B J f — ► Jf, 

where e x is the multidegree defined in Proposition ^. 41 Due to the decomposition 
10, there exists a unique multidegree e 2 of total degree 2 such that a^|c 2 factors 
through the immersion J^f Jq. This allows us to define: 



— „ oho 1 , e-r 2 
^:C 3 .'./:x (! ./! -./v. 



Arguing as before, a^\cs factors through the immersion J^f <—* Jq for a unique 
multidegree e 3 of total degree 3. Iterating, for every d > 2, we get a map: 



d-l w 

X Q 



^ : C d ' — ► ' J/" 1 x B jj jj 



and a unique multidegree e d of total degree <i such that a c l \c<i factors through 



the immersion J^f e — > J^.. 
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Definition 3.2. We call a'j the d-th Abel maps of the family /, for every d > 1. 

Notice that the definition of aj only depends on the choice of the principal 
component of C, hence, from Lemma l2~2| it is canonical if and only if [C] £ A g / 2 . 
If [C] 6 Ag/2: then Lemma [2.21 implies that we get two d-th Abel maps. We 
will discuss the details of the special case in Section 13.21 

If / : C — ► B is a smoothing of a curve of compact type and D is a divisor 
of C, then we set Oc(D) :— Oc(D) ® Oc- Of course, being C of compact type, 
the line bundle Oc(D) does not depend on the choice of /. 

Lemma 3.3. Fix an integer g > 2. Let C be a stable curve of compact type of 
genus g. Let X be an irreducible component of C . Let M be a X -quasistable 
line bundle on C of multidegree d. If M' is a line bundle having degree 1 on X 
and degree on the other components of C , then the line bundle: 

M®M'®O c { z ) 
zeTi(x) 

is X -quasistable. 

Proof. Let df be the multidegree of M £g) M' and df' the multidegree of: 

M®M'®O c { z )- 

Let d, d! and d" be respectively the total degrees of d, df and df' . 

First step. Let Z be a tail of C not containing X . We claim that Z is d-big 
if and only if: 

dcg(cclz) 1 
z 2. g -2 2 y ' 

Indeed, using d' z — dz, df = d + 1 and deg(wc|z) = 2gz — 1, we see that ((TT|) 
is equivalent to: 

d z ■ deg(^c) - d ■ deg{u> c \z) < ^gz - g- 

Second step. We claim that d" is semistable at any connected subcurve 
Y C C such that X C Y. Indeed, let Z be any connected component of Y'. 
Then Z does not contain X. Furthermore, Z is a tail, because Y is connected. 
Since d is semistable at Z and d' = d + 1 and d' z = dz, we have: 

_3 = _kz _ < _ d ,deg(^ c |z) < fc£ = 1 
2 2 ~ z 2. 9 -2 ~ 2 2 



Thus, using (TTTj) . if Z G 7rf(X), we have: 

2 ~ z 2 5 - 2 2 



U -I (12) 
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while if Z ^ Td(X), we have: 

_l <4 _^de|^ £ M < l 

2~ z 2g-2 ~ 2 K ' 

Suppose that Z G Then, being Z' ^ %(X), we have d z = d' z + k z = 

d' z + 1. Hence by (12|) and d" = d': 

_l< 4 _^ de g(^)<l, (14) 
2 2g — 2 2 

and d" is semistable at If Z ^ Td(X), then 4 = d-, and hence, by (fT5|) . d" 
is semistable at Z. In particular, d" is semistable at Y', hence it is semistable 
at Y. 

Third step. We show that d" is semistable at any non-empty connected 
subcurve FCC not containing X. Indeed, if d" is not semistable at any such 
Y, then it is not semistable at Y'. Write Y' — Y\ U Y2, where Fl is connected, 
Y\ fl Y2 = and I C Fj. By the second step, d" is semistable at Y\. Then 
Y2 7^ 0, because otherwise we would have Y' — Y\ and d" would be semistable 
at Y'. Notice that Y% = Y U Yy, hence F 2 ' is connected and X C Y%. Again by 
the third step, d" is semistable at F 2 '. 

If d is semistable at F2, then d is semistable at Yy U Y2 = Y', because 
Y\ (IY2 = 0, which is a contradiction. Thus, d is not semistable at Y%, hence it 
is not semistable at F 2 , which is again a contradiction. 

Fourth step. We show that df' is X-quasistable. By the third and fourth 
steps, d" is semistable at any non-empty connected subcurve Y C C, hence d" 
is semistable. Thus we are done if we show that d is X-quasistable at any 
non-empty subcurve Y C C such that X C Y. Let Y be any such subcurve. 
We can assume without loss of generality that Y is connected. We distinguish 
two cases. If there exists a connected component Z of Y' such that Z G Td(X), 
then from (fT3|) and (JT4J) we have: 

dy, - d"^£kll < *r 



2g-2 2 



Using that d Y , = d" — d Y and deg(wc|y) = deg(wc) — deg(wc|y), we see that 
df' is X-quasistable at Y. 

If Z Td(X), for each connected component Z of F', then d Y = d' Y . Then, 
since d is X-quasistable at Y and using that dy = d' Y — 1 and d = d! — 1, we 
have: 

deg^y) fry 
y 2. g -2 2 

Since d" = d' and = dy, we see that d is X-quasistable at F. □ 

Theorem 3.4. Fix integers g > 2 and d > 1. Let f:C^B be a smoothing of 
a stable curve C of compact type of genus g and X pr be the principal component 
of C . Let a'jlcjd : C d — > J^f be the restriction of the d-th Abel map of f to the 
special fiber. Then the following properties hold: 
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(i) e d is a X pr -quasistable multidegree. 

(ii) a d \ C d does not depend on the choice of f and factors via a morphism 
(3 d : S d (C)^jff. 

Proof. Since C is a proper scheme, then Jq is a scheme and there exists a 
universal degree-d line bundle Cd over J^, x C. Call: 

fa: J% x C -> J& 

the projection. We show (i) and that a d \c<i does not depend on the choice of 
/, arguing by induction on d. If d = 1, then we are done by Proposition 12.41 
Consider: 

a f \ C d+i . u — ► J c x J c — > J c J c . 



By induction, a d \ C d does not depend on the choice of /, thus a d + \ C d+i does 
not depend on the choice of / either. Take a point p in the image of o£ +1 \cd+i. 
Let L p be the restriction of Cd+i to the fiber C p = 4>d+i(p)- By construction, 
we have: 

L p = M p ® M' p <8> M p \ 
where [M p ] G J§ d and [M' p ] € J% X " r , and by (TOj): 

By induction, e d is X pr -quasistable. Hence, by Lemma 13.31 L p is a X pr - 
quasistable line bundle and e d+1 is a X pr -quasistable multidegree. 

To complete the proof, we show that a d \cd is invariant under the action of 
the d-th symmetric group on C d . Indeed, for every d > 1, pick the following 
line bundle of Jq x C: 

Pd --= (£) °Jb*c( -E JhxZ). 

For every i > 1, consider the projection: 

Qi : J q X * • * X t/^-i X C > ^ ^ 

onto the product of the i-th factor and C. Then a d \c<i factors as: 

aylcd . o — ► j,-, x ■ • • x — > 

where /9<2 is the morphism induced by q*Ci <£> • ■ • ® g^-Ci (g) q^-Pd- We see that 
OL d \cd is invariant under the action of the d-th symmetric group on C d . □ 
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Definition 3.5. Keep the notations of Theorem l3.41 We set := ai\c<i. We 
call Qfp the d-th Abel map ofC, and (3q the symmetric d-th Abel map of C. 

Example 3.6. Fix an integer g > 2. Let C be a stable curve of compact type 
of genus g with two components C\ and C 2 such that gci > 9c 2 ■ Let X pr be the 
principal component of C and n be the node of C. Set ri\ :— C1P1C2 Q C\ and 
n 2 := Ci n C 2 C C 2 . We may assume without loss of generality that A pr = Cj. 
Then e x = (1,0) and: 

/&(n) ® O01 - O ai (ni) and [3 l c {n) ® Oc 2 =s Cc 2 - 
It is easy to see that: 



T £i (X^) = 



and hence: 



{C 2 } if 4. 9C2 > 3 + 1 
if 4.gc 2 < 9 + 1 



0l (»i) if4<7 C2 > 5 + l 
0l (2n 1 ) if4g C2 < g + l 



e> C2 (« 2 ) if4<7 C2 > 5 + l 
^ Oc 2 if 4 5C2 < ff + 1 

Thus e 2 = (1, 1) if 4.g C2 > g + 1 and e 2 = (2, 0) if 4g C2 < g + 1 



In Proposition 13.71 we will give a characterization of hyperelliptic curves of 
compact type with two components, via the symmetric 2-nd Abel map. Recall 
that a stable curve C of genus g > 2 is hyperelliptic if the closure of the locus 
in M g of hyperelliptic smooth curves of genus g contains [C] . 

Proposition 3.7. Fix an integer g > 2. Let C be a stable curve of compact 
type of genus g with two components. Then C is hyperelliptic if and only if there 
exists a fiber of the symmetric 2-nd Abel map 0q of C consisting of two smooth 
rational curves intersecting in one point. 

Proof. Let C\ and C 2 be the components of C . Let n be the node of C, and 
set m := C\ n C2 G Ci and n 2 := C 2 n C 2 G C 2 - We may assume without loss 
of generality that C\ is the principal component of C. It is well-known that C 
is hyperelliptic if and only if Ci is hyperelliptic and \2ni\ is the g\ of Ci, for 
i = 1, 2. By construction, for every pi G Ci, and i, j G {1, 2}: 




(i - l)nj) i = j 
1>j) i^j 



Assume that e 2 = (1,1). The case e 2 = (2,0) is completely analogous. By the 
definition of the symmetric 2-nd Abel map we have for every k G {1, 2} and 
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Pi G Cj , qj G Cj , 



Cfe (Pfc + qk -n k ) if i = j = fc 



OcM) \ik = i + i 

> OcM) Xi?j = k 



Thus (3 c (p,q) — fi c {p',q') for (p, g) 7^ {p',q') if and only if at least one of 
the following cases holds: 

(a) p, q,p' ', g' £ Ci with |p + g| = |p' + q'\; in particular, Ci is hyperelliptic. 

(b) p, q,p' , g' G C2 with \p + q\ = \p' + q'\; in particular, C 2 is hyperelliptic. 

(c) p,g e Ci and p',q' G C2 with \p + q\ = |2ni| and |p' + g' = |2n 2 |; in 
particular, C\,C 2 are hyperelliptic and 2ni|, \2n 2 \ are the g\ 's. 

Denote by F p . g := (0 c )~ 1 (0 c (p 1 q)). Notice that the dimension of F PA is at 
most 1. If the dimension of F p ^ q is 1, then (a) and (b) imply that F PtQ has at 
most two components E\ and P 2 , given by: 

Ei = {(p, q) G S 2 (C 4 ) : |p + g| is the 3] of CJ ~ P 1 , for i = 1, 2. (15) 

Assume that C is not hyperelliptic, and that P p , 9 is a curve with two compo- 
nents, as in (fT5")) . Notice that (c) does not hold, because C is not hyperelliptic. 
Then E x C S" 2 (C*i) - (n, n) and £ 2 C S 2 (C 2 ) - (n, n), and hence E 1 nE 2 = 0. 

Conversely, if C is hyperelliptic, then (a), (b) and (c) hold. In particular, 
F n , n = Ex U E 2 , where Ex,E 2 are as in ((15)1 and EiH E 2 = (n, n). □ 

3.2 Abel maps with other targets 

Let / : C — > P be a family of stable curves. Fix an integer d > 1. We denote by 
J^' iS the relative version of Jq SS , i.e. the P-scheme whose fiber over 6 is Jq*" ■ 
Let Pj? be the relative generalized Jacobian of the family /. A geometrically 
meaningful compactification Pj? — > P of Py is constructed in (3). It is the same 

compactification of PS? produced in [12] and [TT] . The fiber Pp b over b G P> 
parametrizes the equivalence classes (under a suitable equivalence relation) of 
pairs (X, L), where X is a nodal curve obtained by blowing up Cb and L is a 
degree-<i line bundle on X, whose multidegree satisfies the numerical condition 
((5J. In particular, we get a set-theoretic map: 



which is indeed a morphism. A fiber of ipd parametrizes the set of line bundles 
contained in a Jordan-Holder equivalence class of rank-1 torsion free semistable 
sheaves. We will refer to (7) Section 8] for more details. 

If C is of compact type and a c is its d-th Abel map, we obtain an other 
Abel map ipd o a^-, whose target is Pq. Some natural questions arise: 



ipd- J\ 



rd,ss 

f 
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(Ql) do a.Q and ipd Qc have the same set-theoretic fibers? 

(Q2) if [C] £ ^ s /2i an d otf and a d are the two Abel maps of C whose target is 
Jp SS , do ipd ° oti an d V'd ° a 2 have the same set-theoretic fibers? 

We will answer positively to the posed questions. 

Proposition 3.8. Fix an integer g > 2. Let C be a curve of compact type of 
genus g. For every integer d > 1, consider the d-th Abel map afj: C d — > Jq 8S 

of C and the morphism ipd'. Jq SS — » Pq- Then and ipd o qiq have the same 
set-theoretic fibers. 

Proof. We will show that ipd is injective over J^, for every semistable multi- 
degree d of total degree d. Suppose that L and M are line bundles of C with 
multidegree d and such that ipd{[L\) — ipd{[M\). Then, from [4J Theorem 5.1.6] 
there exists a curve W obtained by blowing up C and a smoothing W — *■ B 
of W such that, if we denote by it: W — > C the morphism of blow up and by 
Yi, . . . Yy the irreducible components of W, then: 

7 

tt*L ® 7r*Af _1 ~ Ovv(J^ a y ; • ^Olw * f° r some ■ ■ ■ a Y^) G 

Since M and L have the same multidegree, it follows that ay ; = for each 
i = 1, . . . ,7. In particular L|x — M|x for each component X of C. Since C is 
of compact type, from ([3]) we have that L ~ M and we are done. □ 

Remark 3.9. It follows from [5] and [5] that one can answer positively to the 
analogous of question (Ql) for the first Abel map of a stable curve. Nevertheless, 
we believe that this phenomenon does not take place for higher Abel maps of 
stable curves not of compact type, as the following example hints. 

Fix a integer g > 2. Let C be a stable curve of genus g with components 
X\,,,., X 7 . Fix an integer d > 2. Let C C C d be the subset of the d-tuples 
of smooth points of C. For every semistable multidegree d of total degree d, 
consider the following subset of C d : 

C± := {(px, ..., Pd )eC d : n { Pu . . . lPd }) = d Xi ,ior i = 1, . . . , 7}. 

There exists a natural Abel map defined on C-. In fact, consider the line 
bundle 1 := 0,jd xC {J2t=i 011 &~ x @, where: 

A r := {(pi, . . . ,p d ,p) £ C- x C : p r =p}, for r = 1, . . . , d. 

Pick the trivial family of curves it: C— x C — + C-, where it is the projection. 
Then X yields a family of semistable line bundles of C over the base C-. Since 
Jq SS is a fine moduli scheme, we get a morphism (Xq : C- — ► J^,' s;i such that: 

Oc(Px, ■-,!'<)) = OcC^Pt)- 
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Suppose now that C is a binary curve of genus g > 2, i.e. a stable curve 
with two smooth rational components intersecting at g + 1 nodes. Let X\ and 
Xi be the components of C and let <Zi, . . . , q g +i be the nodes of C. Consider 
the following subset of J^. + : 

3+1 

T := {L G J 9 C +1 : L\ Xl ~ Ox^ft) I ^|x 2 Ox 2 }/ iso 

i=l 

As a set, = (k*) 9 . It is easy to check that if L G JF, then i is a semistablc 
line bundle. For each L E T, we have h°(C,L) = 2 + h (C,u> c ® i" 1 ), by 
Riemann-Roch, and: 

~ #°(P\ P i(-3 - <?)) © ff°(P\ Opi (-2)) = 0. 

Hence h°(C, L) = 2. Since L|x 2 — C?x 2 j we have that if sfe) = for some s G 
H°(C, L) and i = 1, ...,<? + 1, then s|x 2 = 0. Hence, for every i = 1, ...,<?+ 1: 

5+1 5+1 

H°(C, L(- gi )) ~ L(- £ ft)) * L\ Xl (- £ ft)) ^ k. 

i=l i=l 

Hence we have H°(C, L) ~ • © H°(C, L(— Yji=i <7i)> where is a section 
such that Sl{(U) ^ 0, for each i = 1, ...,<; + 1. Consider the set: 

£ := {(>!, . . . ,p fl+1 ) : div(si) =pi + . . . Pg+1 , for some Lef}C £(fl+i.°). 

In particular, we have a bijection: 

4 9+1 ' 0) |^: £^JF (16) 

Consider now the morphism ipg+i'- Jc +1,ss — ► -Pc +1 - We c l a i m that V's+i 
contracts J 7 to a point. Indeed, recall the definition ([?]) of canonical polarization 
E g+ \. Then: 

(a) if we denote d L := (g + 1, 0), the multidegree of L, for each L G T , then: 

x(L\x 2 ® £ 9 +i|x 2 ) = (g?l)x 2 - • deg(w c |x 2 ) + = 

and in particular L is not .XVquasistable; 

(b) by construction, we have L\x 2 — L'\x 2 — Ox 2 an d ker(L — * L\x 2 ) — 
ker{L' -> L'\x 2 ) ^ Xl , for each L, V G J 7 . 

Following [2l Section 1.3], the properties (a) and (b) imply that L and V are 
Jordan-Holder equivalent, for each L.L' G J 7 . In particular, by [3 Section 8], 
the morphism i/j g +i contracts J- to a, point. Hence, recalling the bijection (|16p . 
we get a sequence of morphisms: 

, (5+1.0)i -f- 1:1 -r- r .-> 

^5+1 °«C l/- 1 ^ >T > iPt}, 

showing that the fibers of a[? +1 '°' ) and "06+1 c*c +1 ^ are different. 
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Proposition 3.10. Fix an even integer g > 2. Let C be a curve of compact type 
of genus g such that [C] G A g / 2 . Let X\ and X 2 be the semicentral components 
of C . For each integer d > 1, let af (respectively ol\) be the Abel map of C, 
once we choose X% (respectively X 2 ) to be the principal component of C . IfY 
is the tail of X[ such that gy — g/2, then there exists an integer r\d G { — 1, 0, 1} 
such that: 

af(p) ~ <4(p) ® Ocijid ■ Y) for each p G C d . (17) 

In particular, if we consider the morphism tpd- J^' ss — > Pq, then ipd ctf and 
tpd a 2 have the same set-theoretic fibers. 

Proof. Recall that X\ PI X 2 ^ 0, from Lemma l2~2l (iii). Let {e llt . . . ,e ld , ■ ■ ■} 
(resp. {e 2 i, ■ ■ ■ , e 2 <j, ■ • ■ }) be the set of multidegrees induced by the Abel maps 
a\, . . . ,af . . . (resp. a\, . . . ,a 2 ■ ■ ■)■ We show (flT]) by induction on d. Indeed, 
it is true if d = 1 with 771 = 1, as explained in [6]. Fix an integer d > 2. For 
each tail Z of C, and for i = 1, 2, set: 

_ J \£Z$Te. d (Xi) 
ei ' d ' z '-\ 1 ifzer^xo 

Let Yi be the tail of X 2 such that gy x — g/2 and set Y2 := Y. For each 
p = (pi, . . . ,p d! Prf+i) e C d+1 , set p := (px, . . . ,p d ) G C d . We have: 

a\( Pd+1 ) ~ ^(p d+ i) « e> c (r 2 ) 

and by induction: 

a?(p)~a^(p)®0 c ( % -y 2 ). 

In particular (ei,d)y = (e 2 ,d)y for each subcurve Y such that Y C (Xi U X 2 )'. 
Then we have: 

a? +1 (p)~a^)®a}(p d+1 )®0 c (- £ Z ) ~ 

^a{{p)®a\{jPd+i)®Oc{-ei A Y 2 -Y 2 - ^ Z) ~ 

ze7i lj(J (XiUXj) 

^a^{p)®al{pd+i)®Oc{ijld + l-e 14 ,Y 2 )-Y 2 - ^ Z) ~ 

zer £l d (XiUX 2 ) 

~ c^ +1 (p) (8) Ccfe,*,* • Y l + (rid + 1 - e M ,y 2 ) • Y 2 ) ~ 
~^ +1 (p)®Oc(%+i-Y 2 ) 

where 

:= T)d + 1 - £2,d,Yi - e l,d,Y 2 - 

We show that |?7d+i| < 1. Indeed, if \r} d +i\ > 2, then |(ei,d + i)r 1 -(e2,d+i)y 1 1 > 2. 
Being e x d+1 semistable at Yi, we have: 

1 / d , 1 

-- < (e M +iM ~ 2 ff- 2 degLJc l Fl - 2 
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and hence e 2 is not semistable at Yy, which is a contradiction. 

To show the last statement, we show that ipd(&i(p)) = i'dio^ip)), for each 
p G C d . Let f : C — > B be any smoothing of C. Pick a coeherent sheaf 2~ 
on C, flat over B, such that I\c b is a line bundle on Cb for each b £ £? and 
X|c* — Q!i(p). Consider X' := I ® &c(Vd ' Since C is of compact type, we 
have I'|c — o^G 3 )- By [31 Proposition 8.1], we get morphisms: 

ipz: B —* ~P~j and fa, : B -+Pf 

such that = I|c b and fa,(b) = 2"'|c b f° r eacn b e B. In particular, 

ih(b)^k'0>) ^ each 6 ^ 0, and ^(0) = M^ti?)) and ^(0) = ^(t^(p)). 
Since Pj? is a separated scheme, we get ipd(af(p)) = ^(aSJlj?)). □ 
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